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Starting from the Rabi Hamiltonian, which is useful to get non-perturbative results within the
rotating wave approximation, we have obtained the Einstein’s B coefficient to be time-dependent,
B(t) ∝ |J0(ωγt)|, for a two-level system (atom or molecule) in the thermal radiation field. Here ωγ
is the corresponding Rabi flopping (angular) frequency and J0 is the zeroth order Bessel function
of the first kind. The resulting oscillations in the B coefficient – even in the limit of very small
ωγ – drives the system away from the thermodynamic equilibrium at any finite temperature in
contrary to Einstein’s prediction. The time-dependent generalized B coefficient facilitates a path
to go beyond the Pauli’s formalism of non-equilibrium statistical mechanics involving the quantum
statistical Boltzmann (master) equation. We have obtained the entropy production of the two-level
system, in this context, by revising Einstein’s rate equations considering the A coefficient to be the
original time-independent one and B coefficient to be the time-dependent one.
PACS numbers: 03.65.-w, 03.65.Sq, 05.30.-d
I. INTRODUCTION
Einstein’s A and B coefficients are quite known to the
scientific community in connection with the formation of
spectral lines involving fundamental processes, such as
spontaneous emissions, stimulated absorptions and stim-
ulated emissions, undergone on a two-level system (atom
or molecule) in presence of an oscillatory electromagnetic
field, say laser light, thermal radiation, etc. [1]. While
the A coefficient is the rate of spontaneous emissions from
a higher energy level to a lower energy level of the two-
level system caused by vacuum fluctuations of electro-
magnetic field, B coefficient is the rate of stimulated ab-
sorptions B12 (or emissions B21) of (or from) the same
system in the radiation field for unit energy density of the
radiation per unit (angular) frequency interval around
the Bohr frequency [1, 2]. Einstein’s A and B coefficients
are of very high importance, as because, the spectral lines
have huge applications almost everywhere in the modern
science, engineering, and technology. These coefficients
also determine density of photons in thermal equilibrium
when the probability of transitions for a two-level system
reaches the steady state.
Historically, Einstein’s A and B coefficients were pro-
posed to be time-independent almost a century back,
during the era of old quantum mechanics, when time-
dependent perturbation theory was not known [1]. These
coefficients, for a two-level system in thermal radiation
field, were determined in terms of fundamental constants
by Dirac-Weisskopf-Wigner in the quantum mechanics
era within (i) the frameworks of time-dependent pertur-
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bation theory for the light-matter interactions and (ii)
the quantum field theory of the stimulated emission, ab-
sorption and spontaneous emission of radiation [3, 4].
However, neither Einstein’s semi-classical theory of ra-
diation [1] nor Dirac’s first order quantum mechanical
perturbation theory of radiation [3] predicted regular-
ity in the stimulated transitions (absorptions and emis-
sions) though the electromagnetic field incident on the
two-level system oscillates in a regular manner. This
regularity was predicted a decade later by Rabi [5]. He
and his collaborators showed resonance in the two-level
system in the course of stimulated absorption and emis-
sion within a nonperturbative model which is now known
as Rabi model [5, 6]. For the two-level system (hav-
ing the electric dipole moment ~d and the Bohr (angular)
frequency ω0 corresponding to energy eigenstates |ψ1〉
and |ψ2〉) in presence of an oscillatory electromagnetic
field with the electric field component ~E = ~E0 cos(ωt),
Rabi et al obtained a generalized (angular) frequency
for the transition induced flopping of the two states, as
Ω =
√
(ω − ω0)2 + ω2γ which is now known as Rabi for-
mula where ωγ = |〈ψ1|~d · ~E0|ψ2〉|/~ is the Rabi flopping
frequency [6].
It it quite known, that, the generalized Rabi flop-
ping frequency (Ω) tends to the Rabi flopping frequency
(ωγ) at the resonance (ω → ω0) i.e. when the proba-
bility of the stimulated transitions for stimulated emis-
sions from |ψ2〉 to |ψ1〉, say P2→1(t) = ω2γ sin
2(Ωt/2)
Ω2 =
ω2γ
sin2(
√
(ω−ω0)2+ω2γt/2)
(ω−ω0)2+ω2γ
, is sharply picked [6–8]. The ex-
pression of transition probability (involving the Rabi
flopping frequency) is quite successful, as it gives reli-
able value of nuclear magnetic moment to the experi-
mentalists [6]. Later experimentalists found this expres-
sion quite successful for atoms, molecules, semiconduc-
tors, Bose-Einstein condensates, many-bodies, etc ex-
2posed in laser light [9–15]. One can get the perturba-
tion result (wich is compatible to Fermi’s golden rule)
[3, 7] back if one assumes |ω − ω0| ≫ ωγ in the Rabi
formula. But, the condition for the perturbation does
not hold near the resonance (ω → ω0) however small
ωγ is. Since the condition of the perturbation is not
satisfied close around the resonance, perturbation result
(B12 = B21 =
π
3ǫ0~2
|〈ψ1|~d|ψ2〉|2 [3, 7][35]) for the B coef-
ficient obtained by Dirac [3] is not reliable. This problem
was surprisingly overlooked for the last eight decades;
and, now, here we are to attack it. Our aim is to re-
vise the B coefficient as well as Einstein’s rate equations
for a two-level system within non-perturbative formalism
based on the Rabi model.
This article begins with the Rabi model for a two-level
system in a sinusoidally oscillating electromagnetic field
[5–8]. Then we write down transition probabilities for the
electric-dipole transitions among the two (energy) levels,
and recast the transition probabilities for same two-level
system in the thermal radiation by integrating over all
possible frequencies and polarizations of the thermal ra-
diation field. This result significantly differs from the
perturbation result. Here, we have considered zero-point
energy of the thermal radiation field in all our analy-
ses to get generalized semiclassial results on top of the
semiclassical results[36]. We also have obtained general-
ized semiclassical result for vacuum Rabi flopping of the
two-level system with the consideration of small contri-
bution of the thermal photons in a resonant cavity at
a low temperature. We have compared this result with
the experimental data obtained by Brune et al [11]. We
get oscillatory type time-dependent B coefficient, from
the corresponding transition-probability (i.e. stimulated
emission-probability) for the thermal photons, by follow-
ing its definition. Then we revise Einstein’s rate (master)
equations, considering the A coefficient to be the original
time-independent one and B coefficient to be the time-
dependent one, to get the time evolution of the prob-
abilities of the two levels [1]. We get entropy produc-
tion of the two-level system, from these time-dependent
probabilities, by following Pauli-von Neumann formalism
of nonequilibrium statistical mechanics [17–19]. We also
have considered monochromatic radiation field side by
side. Finally, we discuss our results.
II. TWO-LEVEL SYSTEM IN THERMAL
RADIATION FIELD
A. Rabi model
Rabi Hamiltonian for the two-level system having elec-
tric dipole moment ~d in the oscillatory electromagnetic
field (with the electric field component ~E = ~E0 cos(ωt))
is given by [5, 6, 8, 20]
H = E1|ψ1〉〈ψ1|+ E2|ψ2〉〈ψ2|
−
~E0 · ~d
2
[
eiωt|ψ1〉〈ψ2|+ e−iωt|ψ2〉〈ψ1|
]
, (1)
where |ψ1〉 and |ψ2〉 are the two orthonormal states of the
two-sate system (in absence of the external field) with en-
ergy eigenvalues E1 and E2 (E2 > E1) respectively. The
third term of the Hamiltonian represents the interaction
between the two-level system (atom or molecule) and the
external electromagnetic field. The interaction term, al-
though is not a perturbation, is consistent with the ro-
tating wave approximation (ω0 + ω ≫ |ω0 − ω|) which
is also used in the time-dependent perturbation theory
[6, 7]. Validity of the rotating wave approximation, how-
ever, is not questioned at the resonance (ω → ω0) as long
as ω0 = (E2 − E1)/~ is fairly large, say ω0 ≫ ωγ . Thus
Rabi model is applicable for large Bohr frequency (ω0) of
the two-level system, and incidentally, Schrodinger equa-
tion for the two-level system corresponding to the Rabi
Hamiltonian is exactly solvable under the transformation
into the interaction-picture [6, 7]. Rabi model is of course
an integrable one due to the presence of a discrete sym-
metry in it [16].
Time evolution of the state of the system takes
the form |ψ(t) >= c1(t)e−iE1t/~|ψ1〉 + c2(t)e−iE2t/~|ψ2〉
where c1(t) is the transition probability amplitude for
the dipole-transition from the state |ψ2〉 to |ψ1〉 and
c2(t) is that from the state |ψ1〉 to |ψ2〉. Transforma-
tion of the Schrodinger equation for the two-level sys-
tem corresponding to the Rabi Hamiltonian into the
interaction-picture, results the transition probabilities
(P2→1(t) = |c1(t)|2, P1→2(t) = |c2(t)|2) with the suit-
able boundary condition that the system initially (t = 0)
was only in the state |ψ2〉, as [6–8]
P2→1(t) = ω
2
γ
sin2(Ωt/2)
Ω2
(2)
where Ω =
√
(ω − ω0)2 + ω2γ = (ω − ω0)
√
1 + [
ωγ
ω−ω0
]2
is the generalized Rabi flopping (angular) frequency and
ωγ = |〈ψ1|~d · ~E0|ψ2〉|/~ is the Rabi flopping frequency
(as already have mentioned) for the stimulated emissions
from the state |ψ2〉 to ψ1 >, and
P1→2(t) = 1− P2→1(t) (3)
is the transition probability for the stimulated absorp-
tions from the state |ψ1〉 to |ψ2〉.
Eqns.(2) and (3) are true for a monochromatic light
having a single polarization and energy density u =
1
2ǫ0E
2
0 [37] incident on the two-level system.
3B. Effect of quantum fluctuations and thermal
fluctuations in free space
Let us now consider the system in thermal radiation
field in free space[38] where all possible frequencies of the
incident light are there with 2 independent arbitrary po-
larizations. While averaging over the polarization states
results a factor 1/3 [7] in the r.h.s. of Eqn.(2), contribu-
tion of the thermal radiation of all possible frequencies
leads to an integration in the r.h.s. of Eqn.(2) over ω
with the weight-factor u(ω) which is to be followed from
Planck’s distribution formula (or Bose-Einstein statistics
for photons) with adequate corrections for the vacuum
energy density. Thus we recast Eqn.(2), as
P2→1(t) =
|〈ψ1|~d|ψ2〉|2
3~2
∫ ∞
0
2u(ω)
ǫ0
sin2(Ωt/2)
Ω2
dω, (4)
where [7, 21]
u(ω) =
~ω3
π2c3
[
1
e~ω/kBT − 1 +
1
2
]
(5)
is the average energy density of the thermal radiation
(electromagnetic) field per unit (angular) frequency in-
terval incident on the two-level system[39]. While the
first term (uT (ω)) in u(ω) incidentally represents the av-
erage contribution for the thermal photons at the tem-
perature T and responsible for stimulated emissions, the
second term (uq(ω)) accounts for the correction due to
the zero-point energy of the thermal radiation field.
By the definition, Ω ranges form −
√
ω20 + ω
2
γ to −ωγ
and ωγ to ∞ following the avoided crossing as ω varies
from 0 to ω0 and ω0 to ∞. The integrand in Eqn.(4) is
picked at the resonant frequency, ω = ω0 (i.e. Ω = ±ωγ),
so that most of the integration comes from ω close to ω0.
Further considering ω0 to be fairly large (i.e. ω0 ≫ ωγ
which is compatible to the rotating-wave approximation),
we recast Eqn.(4), as
P2→1(t) ≃ 2µ
2
12u(ω0)
3ǫ0~2
[ ∫ −ωγ
−∞
sin2(Ωt/2)
Ω2
1√
1− (ωγ/Ω)2
dΩ
+
∫ ∞
ωγ
sin2(Ωt/2)
Ω2
1√
1− (ωγ/Ω)2
dΩ
]
=
2µ212u(ω0)
3ǫ0~2
π
2ωγ
1F2
({1
2
}, {1, 3
2
},−ω
2
γt
2
4
)
ωγt,(6)
where µ12 = |〈ψ1|~d|ψ2〉| = |〈ψ2|~d|ψ1〉| is the transition
dipole moment, and the lower limit Ω = −
√
ω20 + ω
2
γ
(which follows from the avoided crossing) is conveniently
replaced[40] by −∞ as the typical full-width of the tran-
sition probability, ∆Ω = 4π/t, is well contained (for
reasonable values of t) within the lowest possible value
(−
√
ω20 + ω
2
γ) and the highest possible value (∞) of Ω
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FIG. 1: Probability of transitions from the upper level to
the lower level of the two-level system in thermal radiation
field with the condition that the system initially was in the
upper level. Solid line represents free-space Rabi flopping in
thermal radiation field, and follows Eqn.(8) for the param-
eters as mentioned in the figure. Dashed line follows Eqn.
(13), and represents cavity-space vacuum Rabi flopping for
the natural decay rate A = 0.5536116 × 106/s with negligible
contribution of the thermal photons in the resonant cavity
of Q-factor Q = 7 × 107. Dotted line represents fitting of
the same equation for the same parameters except for the
fitted value (A = 1 × 106/s) of the natural decay rate. Cir-
cles represent experimental data adapted for the circular Ry-
dberg states (with the principal quantum number n = 50 and
n = 51) of 87Rb atoms in an open resonant cavity of Q-factor
7×107 and size π(50/2)2×27 mm3 at the temperature T = 0.8
K [11].
for fairly large ω0. All these approximations for evaluat-
ing the above integrations are also applied in the time-
dependent perturbative calculation keeping ωγ → 0 [3, 7].
We are differing from the perturbation result [3, 7] only
by keeping ωγ 6= 0.
Natural question arises about quantifying Rabi flop-
ping frequency for the two-level system in the thermal
radiation field. Eqn.(6) is the generalization of Eqn.(2)
with proper normalization for all the frequencies of the
thermal radiation around ω0. Thus for t → ∞ and
ω → ω0, right hand sides of both the Eqn.(2) and Eqn.(6)
are averaged out to 1/2 with the consideration that u(ω0)
remains fixed for emissions (including spontaneous ones)
and absorptions processes. Thus, we get the Rabi flop-
ping frequency for the two-level system in the thermal
radiation field in the free space, as
ωγ =
2πµ212u(ω0)
3ǫ0~2
. (7)
This form of the Rabi flopping frequency is quite gen-
eral for the two-level system, and is of course, unaltered
even for the case of vacuum (u(ω0) = uq(ω0) =
~ω3
0
2π2c3 ,
uT (ω0) = 0) Rabi flopping [24]. Now, using Eqns. (6)
and (7), we get the probability for the stimulated transi-
tions in the free-space from the upper level to the lower
4level, as
P2→1(t) =
ωγt
2
1F2
({1
2
}, {1, 3
2
},−ω
2
γt
2
4
)
, (8)
where 1F2 is a generalized hypergeometric function[41].
Eqn. (8) is our generalized semiclassical result for the
Rabi flopping in the free space. It is so called, because
zero-pint energy of the thermal radiation field, which are
useful for kBT/~ω0 ≪ 1, are considered on top of the
semiclassical theory of radiation. We represent this tran-
sition probability by the solid line in FIG. 1. It is clear
from the plot, that, the rate of stimulated transitions
are time-dependent. It is also clear from this plot, that,
the Rabi flopping is dissipated in the thermal radiation
field as expected from system-bath (i.e. system-radiation
field) interactions, which are often modelled perturba-
tively within the density matrix formalism by Bloch-
Redfield (master) equation [22, 23]. Though additional
dissipations are expected from the spontaneous emissions
(natural decay), our approach is quite non-perturbative,
and goes beyond Bloch-Redfield formalism.
However, it needs a full quantum electrodynamic
(QED) description to capture all the features of the
electromagnetic interactions of the two-level system
(atom/molecule) with the thermal (as well as coherent)
radiation field. Such a QED description was given long
before by Jaynes-Cummings, but for interactions with
a single cavity mode in a resonant cavity [24]. Thus,
our generalized semiclassical result is still useful for in-
teractions at least in the free space with the broad-band
modes near around the resonance frequency. It would
be important in relating Rabi model and Einstein’s rate
(master) equations which are useful to describe nonequi-
librium phenomena in terms of fundamental processes.
Time derivative of the r.h.s. of Eqn.(6) is the transition
probability per unit time (R2→1(t) =
d
dtP2→1(t)), i.e. the
rate of stimulated emissions from the state |ψ2〉 to |ψ1〉,
which we get from Eqn.(6), as
R2→1(t) =
µ212u(ω0)
3ǫ0~2
[ ∫ −ωγ
−∞
sin(Ωt)
Ω
1√
1− (ωγ/Ω)2
dΩ
+
∫ ∞
ωγ
sin(Ωt)
Ω
1√
1− (ωγ/Ω)2
dΩ
]
=
πµ212u(ω0)
3ǫ0~2
J0(ωγt), (9)
where J0(ωγt) is the Bessel function of the order zero
of the first kind. Rate of absorptions (R1→2(t) =
d
dtP1→2(t)) from the state |ψ1〉 to |ψ2〉, on the other hand,
is just the opposite, i.e. R1→2(t) = −R2→1(t). From
Eqns.(3) and (9), it is clear that, rate of stimulated ab-
sorption from the state |ψ1〉 to |ψ2〉 would be
R1→2(t) = −R2→1(t) = −πµ
2
12u(ω0)
3ǫ0~2
J0(ωγt). (10)
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FIG. 2: Solid line follows Eqn.(11), and represents the
Rabi model result for Einstein’s B coefficient. Dotted line
(B(t)/B0 ≡
√
2/πωγt) represents envelope for the oscilla-
tions in the B coefficient. Inset follows Eqn.(23) and repre-
sents the B coefficient for the same system interacting with a
monochromatic wave of a single polarization.
Einstein’s B coefficient was already defined as the rate
of stimulated transitions (emissions or absorptions) per
unit energy density of radiations per unit (angular) fre-
quency interval around the Bohr frequency. However, the
rate of transitions in Eqn. (10) is altering its sign in the
course of time as if the absorption becomes emission and
vice-versa whenever there is an alternation of the sign.
Thus, following the definition of the B coefficient, the
feature of alternating the sign of the transition rates and
the fact R1→2(t) = −R2→1(t), we get Einstein’s B coeffi-
cient (B(t) = |R1→2(t)|/u(ω0) = |R2→1(t)|/u(ω0)) from
Eqns.(9) and (10), as
B(t) = B0|J0(ωγt)|, (11)
where B0 =
πµ2
12
3ǫ0~2
is the original B coefficient obtained
by Dirac [3, 7]. The B coefficient would be unaltered if
we alter the initial conditions, by taking c1(0) = 1 and
c2(0) = 0, as we always have R1→2(t) = −R2→1(t). We
show the time-dependence in the B coefficient in FIG. 2.
We are not able to compare this result with the exist-
ing experimental data, as they were not obtained by any
direct measurement (as far as we know); rather, experi-
mentalists apply time-dependent perturbation theory for
the indirect measurement of the B coefficient [28].
C. Effect of quantum fluctuations and thermal
fluctuations in a resonant cavity
Vacuum Rabi flopping of the two-level system (87Rb),
however, was observed by Brune et al in a high-Q open
resonant (Fabry-Perot) cavity at a very low temperature
5[11]. Two circular mirrors of diameter 50mm each were
kept nearly 27mm apart in the cavity set-up, so that, the
9th harmonic among all the modes of the standing waves
in the cavity-geometry corresponds to the Bohr frequency
(ω0 = 2π × 51.099 × 109 Hz) for the circular Rydberg
states |n = 51〉 and |n = 51〉 of the 87Rb atom [11].
Their observation of the vacuum Rabi flopping among
these two states was phenomenologically well explained
by Wilczewski-Czachor by extending Jaynes-Cummings
theory for the resonant cavity [25]. Wilczewski-Czachor
considered a number of fitting parameters and fitting
functions, e.g. those in their transition probability Eqn.
(29) or (30) or (31) for the same by considering the rates
of stimulated transitions to be time-independent. No fit-
ting functions and fitting parameters were used in deriv-
ing our free-space transition probability (Eqn. (8)). We
are now going to derive an expression for the cavity-space
transition probability in a similar way by further consid-
ering natural decay and Ohmic losses from the high-Q
cavity.
Losses of the total stored average electromagnetic field
energy (U(t)) from the resonant cavity (ω → ω0) at
the constant rate ω0/Q results the time-dependence:
U(t) = U(0)e−ω0t/Q. This leads to a Lorentzian broad-
ening of the average energy density per unit (angular)
frequency interval in the frequency domain, as uc(ω) =
u(ω0)
(ω0/Q)
2
4(ω−ω0)2+(ω0/Q)2
whereQ is the mode quality factor
of the resonant cavity [26]. Similar form of the Lorentzian
distribution also appears for the spontaneous emissions
from the upper level to the lower one with the natural de-
cay rate γ = A as ud(ω) = u(ω0)
A2
4(ω−ω0)2+A2
[4]. These
two types of broadening can be combined, neglecting
other (i.e. Doppler, thermal, etc.) broadening at a low
temperature and low number density of atoms/molecules,
as
u′(ω) = u(ω0)
Γ2
4(ω − ω0)2 + Γ2 (12)
where Γ = A + ω0/Q represents net decay rate in the
system. Eqn. (4) would result the cavity-space stimu-
lated and emission probability if u(ω) in it is replaced by
u′(ω) of Eqn. (12). Thus we recast Eqn. (4) with the
Lorentzian distribution, in the way we got Eqn. (8), as
P2→1(t) ≃ 2ωγ(1 + 2ωγ/Γ)
π
×
∫ ∞
ωγ
[
Γ2
4(Ω2 − ω2γ) + Γ2
]
sin2(Ωt/2)
Ω
√
Ω2 − ω2γ
dΩ(13)
where the pre-factor takes care of the normalization of
the transition probability, factor 2 in the numerator takes
care of the integration in the domain (−∞,−ωγ ], and the
Rabi flopping frequency is now modified to
ωγ =
2πµ212u(ω0)
3ǫ0~2
1
1 + 2ωγ/Γ
. (14)
Here uT (ω0) = 0 corresponds to the vac-
uum Rabi flopping (with frequency ωγ =
[−1 +
√
1 + 4
µ2
12
ω3
0
3πc3ǫ0~
2Q
ω0+AQ
]/ 4Qω0+AQ ) at the reso-
nance, and further sending either Q to 0 or A to
∞ corresponds to the vacuum Rabi flopping (with
frequency ωγ =
µ2
12
ω3
0
3πc3ǫ0~
) in the free-space. Form of the
later one exactly matches with that of result of Jaynes-
Cummings obtained even for a single cavity mode [24].
It is easy to conclude from Eqns. (13) and (14) that,
the transition probability though takes the expression
P2→1(t) = sin
2(ωγt/2) for A → ∞ and Q → ∞ (or
△ω → 0), the vacuum Rabi flopping frequency vanishes
in this limit, as the two-level system does not find even
a single mode to couple with in the loss-less resonant
cavity without any decay.
We represent right-hand side of Eqn. (13) by the
dashed line in FIG. 1 for the reported experimental value
of Q-factor (Q = 7 × 107) and the calculated value of
the A coefficient ([42] A = 0.5536116 × 106/s) for the
spontaneous emissions from the circular Rydberg state
|n = 51〉 to |n = 50〉 of 87Rb atoms in the open resonant
cavity of geometrical volume V = π(50/2)2 × 27 mm3
[11]. Substantial deviation of the solid line (Eqn. (8)
for the stimulated emissions) from the dashed one or the
experimental data is mainly coming from the natural de-
cay in the open resonant cavity. Natural decay is usually
enhanced in the high-Q (Q ≫ 1) resonant cavity than
that in the free-space by the Purcell factor 3(2πc/ω0)
3Q
4π2V ′
[27] where V ′ is the mode-volume of the cavity. Here V ′
ideally goes to ∞ being the cavity open. Such an en-
hancement effect (called Purcell effect) is not applicable
directly to the system and the cavity of our interest, as
the Q-factor (Q = 7 × 107) though high the ratio of the
free-space decay rate A = 0.5536116×106/s and the Bohr
frequency (ω0 = 2π × 51.099× 109 Hz) is not negligible
enough to contain a single bound mode of the electro-
magnetic field in the open resonant cavity.
However, we anticipate replacement of the Q-factor
by Q/(1 + AQ/ω0) in the Purcell factor to capture the
Purcell effect substantially in such a cavity with further
replacement of the mode-volume by an effective finite
mode-volume (Veff ). The effective mode-volume would
considerably increase the value of the A coefficient from
A = 0.5536116× 106/s to A = 1× 106/s for fitting Eqn.
(13) (dotted line, FIG. 1) with the experimental data [11]
for the effective mode-volume 300.7 times the geometrical
volume of the cavity. We show the fitting of Eqn. (13)
by the dashed line in FIG. 1 for the enhanced decay in
the open resonant cavity. Natural decay from the lower
level (|n = 50〉) is ignored in our analysis as radiative
lifetime (30 ms [11]) is quite longer than the time scale
involved in FIG. 1. However, agreement of our result
(Eqn. (13): dashed line, FIG. 1) with the experimental
data [11] gives us enough confidence to go ahead with the
generalized semiclassical model to show time-dependence
6in the rate of stimulated transitions and its natural con-
sequences towards nonequilibrium statistical mechanics
for a two-level system exposed to the thermal radiation
field in the free-space at any temperature.
III. EINSTEIN’S RATE EQUATIONS AND
THEIR SOLUTIONS FOR A TWO-LEVEL
SYSTEM IN THERMAL RADIATION FIELD IN
FREE SPACE
It is to be noted, that, ωγ however small, can greatly
influence the time-evolution of the statistical mechani-
cal probabilities P1(t) and P2(t) of the states |ψ1〉 and
|ψ2〉 respectively even for the case of thermal radiation
field. Time-evolution of the statistical mechanical prob-
abilities are to be determined from Einstein’s rate (mas-
ter) equations [1, 7, 19] which are now revised with the
time-dependent stimulated transition probabilities, as:
dP2
dt
= −AP2(t)− |R2→1(t)|P2(t) + |R1→2(t)|P1(t)(15)
and
dP1
dt
= AP2(t) + |R2→1(t)|P2(t)− |R1→2(t)|P1(t) (16)
where A =
ω3
0
µ2
12
3πǫ0~c3
≥ 0 [4, 7] is the original (time-
independent) Einstein’s A coefficient which represents
the rate of spontaneous emissions from the upper level
to the lower level due to the quantum (vacuum) fluc-
tuations. Time-evolution of the probabilities, because
of the constraint P1(t) + P2(t) = 1, can be solely de-
termined from any one of the above two equations, say,
Eqn.(15) with P1(t) replaced by 1 − P2(t). Thus we re-
cast Eqn.(15) with the time-dependent rate of absorp-
tions R(t) = R1→2(t) = −R2→1(t), as
dP2
dt
= |R(t)| − (A+ 2|R(t)|)P2(t). (17)
The rate of stimulated transitions was found to be
time-independent, say |R(t)| = |R(0)| = B12u(ω0) =
B21u(ω0) ≥ 0, within the first order time-dependent per-
turbation theory of quantum mechanics with u(ω0) =
uT (ω0) [3]. Weisskopf-Wigner determined the rate coef-
ficient A within the domain of quantum field theory [3, 4].
Eqn.(17), in such a case, has a physical solution with the
initial condition: P2(0) = 0, as [1, 7]
P2(t) =
|R(0)|
A+ 2|R(0)| [1− e
−[A+2|R(0)|]t] (18)
which is often equated with the (time-independent)
Boltzmann probability P2(∞) = e−E2/kBTe−E1/kBT+e−E2/kBT in
thermodynamic equilibrium for t→∞ [1, 7]. Statistical
mechanical probability of the lower level, on the other
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FIG. 3: Statistical mechanical probabilities for the 3s 1
2
and
3p 1
2
states of an 23Na atom in the thermal radiation field
with the condition that the system initially was in the lower
level. Upper and lower solid lines follow Eqns.(19) and (21)
respectively for the parameters as mentioned in the figure cor-
responding to µ12 = 2.5ea0 = 2.1196 × 10
−29Cm [29]. Lower
and upper dotted lines represent Einstein probabilities for the
same system, and follow Eqn. (18) and its follow-up respec-
tively.
hand, can be given by P1(t) = 1 − P2(t). Eqn. (18) is
Einstein’s semiclassical result for the statistical mechan-
ical probability. Let us call the time-dependent proba-
bilities (P1(t) and P2(t)), which follow from Eqn. (18),
as Einstein probabilities. Dotted lines in FIGs. 3 and 4
represent Einstein probabilities. Our aim for the rest of
the article to modify Einstein probabilities for the con-
sequence of Rabi flopping in the same system within the
generalized semiclassical description.
We solve Eqn.(17) with the initial condition P2(0) = 0
for R(t) in Eqn.(10), as
P2(t) = |R(0)|e−At−2|R(0)|fωγ (t)
×
∫ t
0
eAτ+2|R(0)|fωγ (τ)|J0(ωγτ)|dτ (19)
where fωγ (t) is given by
fωγ (t) = 1F2
(
{1
2
}, {1, 3
2
},−ω
2
γt
2
4
)[
2U(J0(ωγt))− 1
]
t
−
⌊ωγt⌋∑
j=1
[
(−1)jγ0,j1F2
(
{1
2
}, {1, 3
2
},−γ
2
0,j
4
)
×U(ωγt− γ0,j)
]
2
ωγ
(20)
where γ0,j is the jth zero of J0 and U is the unit step
function. Now, we get the statistical mechanical proba-
bility of the lower level from Eqn.(19), as
P1(t) = 1− P2(t). (21)
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FIG. 4: Lower and upper solid lines represent quantum me-
chanical probabilities, and follow Eqn.(24) and its follow-up
for the same parameters of the two-level system at the reso-
nance in the monochromatic radiation field as mentioned in
the FIG. 3. Adjacent dotted lines represent corresponding
Einstein probabilities, and follow Eqn. (18) and its follow-up
respectively.
Eqns.(19) and (21) are our generalized semiclassical re-
sults for the statistical mechanical probabilities of the
two states of the two-level system in the thermal radia-
tion field. We plot these probabilities in FIG. 3 for the
relevant values of the parameters for the 3s 1
2
and 3p 1
2
states of an 23Na atom. For plotting the same, we have
purposefully considered the temperature to be very high
(T = 5 × 104 K) so that both the rates of spontaneous
ones (A/ωγ = 0.2393) and stimulated ones (|R(0)|/ωγ =
1/2) are comparable to the Rabi flopping frequency to
show oscillations in the statistical mechanical probabili-
ties. An 23Na atom is not expected to be ionized even in
such a high temperature, as its first ionization potential
is 5.1 eV=59183 kBK. While probability (P2(t)) of the
upper level asymptotically (i.e. for ωγt≫ 1) vanishes as
|R(0)|
A
√
2
πωγt
, probability (P1(t)) of the lower level asymp-
totically reaching 1 as 1 − |R(0)|A
√
2
πωγt
. It is clear from
the FIG. 3 that, the statistical mechanical probabilities of
the two-level system are significantly deviating from Ein-
stein probabilities (as well as Boltzmann probabilities) as
time evolves, and the system goes away from thermody-
namic equilibrium as a consequence of the Rabi flopping
with non-zero frequency. Our results, of course, match
with Einstein probabilities if Rabi flopping is turned off
i.e. if ωγ → 0.
IV. THE CASE OF MONOCHROMATIC
RADIATION FIELD
For the case of a monochromatic light (having a single
polarization perpendicular to a fixed direction of propa-
gation and time averaged[43] energy density u = 12ǫ0E
2
0)
incident on the two-level system we need not to take av-
eraging over the directions of polarizations as done in
Eqn.(4), and can recast Eqn.(10) from Eqn.(2), as
R2→1(t) = −R1→2(t) = µ
2
12u
ǫ0~2
sin(Ωt)
Ω
. (22)
Here, we are not considering the effect of vacuum fluc-
tuations to restrict discussions only on monochromatic
field, though it needs to be included for another project
to explain experimental observations with injected laser
light [11, 12]. Now, if we define the B coefficient (B(t) =
|R1→2(t)|/[u/Ω] = |R2→1(t)|/[u/Ω]) for a monochro-
matic wave, as the rate of stimulated transitions (emis-
sions and absorptions) per unit time average energy den-
sity per unit generalized Rabi flopping frequency, then it
would be
B(t) =
3B0
π
| sin(Ωt)|. (23)
We show the time-dependence in the B coefficient in FIG.
2 (inset).
On the other hand, for the case of monochromatic
wave, we solve Eqn.(17) with the initial condition
P2(0) = 0 for R(t) in Eqn.(22), as
P2(t) = |R(0)|e−At−2|R(0)|gωγ (t)
×
∫ t
0
eAτ+2|R(0)|gωγ (τ)| sin(ωγτ)|dτ (24)
where gωγ (t) is given by
gωγ (t) =
1− cos(ωγt)
ωγ
[2U(sin(ωγt))− 1]− 2
ωγ
×
⌊ωγt⌋∑
j=1
(−1)j [1− cos(jπ)]U(ωγt− jπ).(25)
For this case too, we have P1(t) = 1 − P2(t). The sta-
tistical mechanical probabilities simply become quantum
mechanical probabilities for the consideration of the sin-
gle frequency in the monochromatic wave. We plot these
quantum mechanical probabilities in the FIG. 4 for the
relevant values of the parameters for the same system.
It is clear from this figure that, the quantum mechani-
cal probabilities oscillate near the corresponding Einstein
probabilities without decaying of their amplitudes. Thus,
the two-level system (atom/molecule) neither in thermal
radiation field nor in monochromatic radiation field equi-
librate with the surroundings as long as the Rabi flopping
frequency is non-zero.
V. NON-EQUILIBRIUM STATISTICAL
MECHANICAL IMPLICATIONS
The two-level system in the rapidly oscillating elec-
tromagnetic field though makes transitions (if frequency
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FIG. 5: Entropy production for the 3s 1
2
and 3p 1
2
states of
an 23Na atom in the thermal radiation field. Plots follow
from Eqn.(26) for the parameters as mentioned in the FIG.
3. Dotted lines represent the same obtained from Einstein
probabilities (Eqn. (18) and its follow-up).
of the oscillations is close to the Bohr frequency of the
two levels), the transitions are occurring in much larger
time scale (t ∼ 1/ωγ). Thus, it is not known exactly
when the system makes a transition. Instead, we can
know probability of the transition, and consequently, oc-
cupancy of the two states becomes probabilistic. This
loss of information can be quantified by the entropy pro-
duction of the system. Entropy production of the two-
level system either in the thermal radiation field or in
the monochromatic radiation field can be written, by fol-
lowing Pauli-von Neumann formalism of nonequilibrium
statistical mechanics, as [17–19]
S(t) = −kB[P1(t) ln(P1(t)) + P2(t) ln(P2(t))]. (26)
We show the time-dependence of the entropy in FIG. 5 for
both the cases showing the monochromatic wave result
in the inset. Pauli proved the quantum mechanical H-
theorem (i.e. dS(t)dt ≥ 0) even for a single atom/molecule
(say, a two-level system) in the radiation field by intro-
ducing Pauli master equation (which is analogous to Ein-
stein’s rate equation for A = 0) named after him [17, 30].
He considered absolute values of the rates of stimulated
transitions to be time-independent for this purpose [17].
However, a two-level system in thermal (or monochro-
matic) radiation field does not fully evolve spontaneously.
Stimulated transitions have control over the evolution
of the system specially if the rates of the stimulated
transitions are time-dependent. Moreover, spontaneous
emissions favour the lower level, as clear from the FIG.
3, once control of the thermal (broad band) radiation
to the stimulated transitions is damped (as ∼ 1/√ωγt)
after sufficiently long time (ωγt ≫ 1). Such a damp-
ing of the Rabi flopping in free-space is caused due to
the finite width (∼ ωγ) of the frequency distribution
around the resonance. Thus, finite value of Rabi flop-
ping frequency causes extraordinary favour on top of
spontaneous transitions to the lower level after suffi-
ciently long time, and consequently, entropy (S(t)) of
the two-level system, instead of always increasing with
time, asymptotically (i.e. for ωγt ≫ 1) vanishes as
kB
|R(0)|
A
√
2
πωγt
[
1 − ln [ |R(0)|A
√
2
πωγt
]]
violating the sec-
ond law of thermodynamics. This feature is apparent in
the FIG. 5 where we also have plotted the entropy pro-
duction based on Einstein probabilities. Such a damping,
however, is not possible for the monochromatic wave, as
clear from FIG. 4, as there is no frequency distribution
of the incident waves which causes damping to the Rabi
flopping. Rabi flopping, in this situation, goes on, as
clear in the inset of FIG. 5, without any damping causing
oscillations of the entropy near the non-decreasing semi-
classical result (having the saturation value kB ln(2)).
Thus, the second law of thermodynamics violates for
this case too. All the oscillations or damping are caused
for nonzero finite value of the Rabi flopping frequency.
Thus, if ωγ → 0, we again get back Einstein’s semi-
classical result and validate the second law of thermo-
dynamics for a two-level system (atom/molecule) in the
thermal/monochromatic radiation field.
Natural question comes, whether there would be any
changes in the thermodynamic probabilities if we take
the alternative initial condition, that, initially the two-
level system (atom/molecule) was at the upper level (i.e.
P1(0) = 0, P2(0) = 1) like that in Eqn. (2). Rabi flopping
frequency would not certainly change under this alterna-
tion. However, some of the results would change, e.g.
P2→1(t) would be changed to P1→2(t) and vice versa,
R(t) would be changed to −R(t), an additional term
e−At−2|R(0)|fωγ (t) would have to be added to the r.h.s.
of P2(t) in Eqn. (19)[44], etc. The two solid lines both
in FIG. 3 and FIG. 4 would intersect once keeping their
individual tails unaltered.
VI. DISCUSSION AND CONCLUSION
We have shown that the Rabi model result for Ein-
stein’s B coefficient depends on time and Rabi flopping
frequency for a two-level system (atom or molecule) in
the thermal radiation field. This result is accurate for
fairly large Bohr frequency (ω0 ≫ ωγ), and is signifi-
cantly different from the perturbation result which is not
reliable near the resonance in the Rabi flopping. Our
analytical result on the B coefficient is an invitation for
the experimentalists to do direct measurement of the B
coefficient.
Although the limit ωγ → 0 gives the original B coef-
ficient back, yet, the time-dependence plays a significant
role in the dynamics of probabilities of the two states of
the system. The oscillations in the B coefficient, even for
very small ωγ , drives the system away from the thermo-
dynamic equilibrium at any finite temperature. This is at
9odds with the Einstein’s prediction about the thermody-
namic equilibrium of an atom/molecule with the thermal
radiation field [1]. The predicted equilibrium, however,
can be ensured for the case ωγ → 0, i.e., in absence of
Rabi flopping, as is expected.
We also have obtained results for the same system in
the monochromatic radiation field. Individual contribu-
tion of each frequency component of the thermal radia-
tion field when randomly added damp the Rabi flopping
causing extraordinary favour to the lower level on top of
the spontaneous emissions. The second law of thermo-
dynamics of a system is validated if Rabi flopping, which
keeps memory of stimulated transitions, takes place in it.
Roles of the fundamental processes (spontaneous emis-
sions, stimulated emissions and stimulated absorptions)
in the evolution of entropy of a system are shown by con-
sidering Rabi model for a two-level system in the thermal
radiation field as a toy model. The quantum statisti-
cal Boltzmann (master) equation is usually employed for
time-independent stimulated transition rates. Our time-
dependentB coefficient opens a path to go beyond Pauli’s
formalism of the non-equilibrium statistical mechanics in-
volving quantum statistical Boltzmann equation [17].
Before concluding the paper, we take this opportunity
to point out that our work opens avenues to many in-
teresting research possibilities: e.g., (i) how to calculate
entropy productions of the laser trapped ultra-cold Bose
and Fermi systems by generalizing the toy model, (ii) how
to generalize our results for degenerate states of a two-
level system, and (iii) how to further generalize our gen-
eralized semiclassical results, within the quantum Rabi
model (while considering the cavity modes [24, 25]) that
has attracted both the experimentalists [11, 12, 31] and
the theoreticians [25, 32–34] alike in the last few decades.
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